Abstract. In this note it is proved that the singular part of the spectral shift function is additive. That is, if H 0 , H 1 and H 2 are self-adjoint (not necessarily bounded) operators with trace-class differences, then 
Introduction
Let H 0 be a self-adjoint operator and V be a trace class self-adjoint operator. The Lifshits-Krein spectral shift function ( [L, Kr] , see also [Y, Chapter 8] and [S] ) is the unique L 1 -function ξ H 0 +V,H 0 such that for any ϕ ∈ C ∞ c the equality
holds. Krein also showed in [Kr] that for any self-adjoint operators H 0 , H 1 and H 2 with trace-class differences the equality
In [BS] , Birman and Solomyak proved the following spectral averaging formula for the spectral shift function:
(note that if ϕ is a function then ξ in ξ(ϕ) denotes a measure, and if λ is a number then ξ in ξ(λ) denotes a function -density of the absolutely continuous measure ξ ).
In [Az 3 ] (see also [Az, Az 2 ]) I introduced the so-called absolutely continuous and singular spectral shift functions ξ (a) and ξ (s) by formulas
where
is the absolutely continuous part of H r and H (s) r is the singular part of H r .
The distributions ξ (s) and ξ (a) are absolutely continuous finite measures [Az 3 ].
In [Az 3 ] it is proved that for all operators
holds for all ϕ ∈ C ∞ c . This equality implies similar equality for ξ (s) .
In this note I give a proof of the equality (1) for all trace-class self-adjoint operators V and V 1 . This implies that for any self-adjoint operator H 0 and any trace-class self-adjoint operators V 1 and V 2 the equality
holds.
The additivity property (2) of the singular spectral shift function ξ (s) combined with the fact that the density ξ (s) (λ) of the measure ξ (s) is a.e. integer-valued [Az 3 ], suggests that the singular spectral shift function should be interpreted as generalization of spectral flow of eigenvalues (see e.g. [APS, Ge, Ph, Ph 2 , CP, CP 2 , ACDS, ACS, Az 4 ]) to the case of spectral flow inside the essential spectrum.
Results
Theorem 2.1. Let H 0 be a self-adjoint operator on H, let V be a trace-class self-adjoint operator on H. If V 1 , V 2 , . . . is a sequence of self-adjoint trace-class operators converging to V in the trace-class norm, then for any ϕ ∈ C c the equality
holds. Shortly, the absolutely continuous part of the spectral shift function ξ Proof. We have to prove that for any ϕ ∈ C c (R) the difference
dr goes to 0 as n → ∞. Since the integrand as a function of r is bounded by 2 V 1 ϕ ∞ for all large enough n, it follows from the Lebesgue dominated convergence theorem that it is enough to prove that for any fixed r ∈ [0, 1]
Further, since
and since
it is enough to prove that
It follows from [Y, Lemma 6.1.3] , that for this it is enough to show that
where the limit is taken in the strong operator topology. We can assume that r = 1. Let
be wave operators of the pair H 0 and H 1 (if they exist) and let P (a) (H 0 ) be the orthogonal projection onto the absolutely continuous part of H 0 . Since
[Y, Theorem 6.3.6] implies that
It follows from this and (6) that (5) holds.
The proof is complete.
Theorem 2.2. The absolutely continuous part of the spectral shift function is additive. That is, if H 0 is a self-adjoint operator on H, and if V 1 , V 2 are trace-class self-adjoint operators on H, then for any ϕ ∈ C c (R) the equality holds.
